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A new formulation of the recent stochastic approach for the description of the particle-size distribution (PSD) time
evolution in antisolvent crystal-growth processes is presented. In this new approach, the crystals size is modeled as a
random variable driven by a Gompertz growth term and the corresponding Fokker-Planck equation is carried out. This
proposed formulation, allows an analytical solution to describe the time evolution of the PSD as a function of the model
parameters. The analytical solution is obtained by exploiting the typical properties of linear partial differential equations
with linear coefficients, and using the analogy with Kalman filter, in terms of the first two stochastic moments: mean and
variance of the PSD. Furthermore, an alternative way for the parameters estimation based on the maximum likelihood
estimation is also introduced. Validations against experimental data are provided for the NaCl-water-ethanol antisolvent
crystallization system. VVC 2012 American Institute of Chemical Engineers AIChE J, 58: 3731–3739, 2012
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Introduction

Crystallization is a technique widely used for the produc-
tion of pharmaceuticals, fertilizers and fine chemicals.1–6

The development of effective mathematical models describ-
ing the crystal growth dynamics is a crucial issue toward
finding the optimal process performance and to control the
crystal size and distribution. This modeling is usually
accomplished by resorting to population balances equations
(PBE),7 which may require a deep knowledge of the system,
a consistent number of parameters and, in general, the solu-
tion of the model is obtained numerically.

Recently, direct design, model-free approaches were pro-
posed as an alternative efficient way of controlling crystalli-
zation processes for antisolvent, cooling and combined proc-
esses and in general for particulate processes.8–13 Along this
way, Grosso et al.14 proposed a simple model based on the
Fokker-Plank equation (FPE) approach to model crystalliza-
tion systems characterized by the particle-size distribution
(PSD). In this approach, the time evolution of each element
of the population, the crystal, was regarded as a possible
outcome of a random variable driven by a nonlinear deter-
ministic term. In particular, the logistic equation, appearing
as a reasonable description of the average growth dynamics14

was selected. The nonlinear term appearing in the logistic

model leads to a resulting FPE that does not present an ana-
lytical solution, and, therefore, numerical integration was
needed.

From a control, optimization and monitoring point of view
the availability of the analytical solution of the model
describing the time evolution of the PSD may be valuable
for the design of proper offline and/or online model based
control strategies. In this article we propose a new formula-
tion for the deterministic model that allows obtaining the an-
alytical solution of the resulting FPE. In particular, in the
new formulation, the Gompertz15 model is selected to
describe the time evolution of the mean crystal size provid-
ing eventually a FPE with linear coefficients. By performing
a suitable variable transformation, the problem can be refor-
mulated as an Ornstein-Uhlenbeck process,16 and the analyti-
cal solution is then obtained to describe the time evolution
of the PSD as a function of the model parameters. The ana-
lytical solution is obtained by exploiting the typical proper-
ties of the linear partial differential equations with linear
coefficients or using the analogy with the Kalman filter,17 in
terms of the first two stochastic moments: mean size of crys-
tals and variance of the PSD. In fact, assuming a Gaussian
initial PDF at time t0, the transient PDF will remain Gaus-
sian at any time t ¼ t0, and, therefore, it could be character-
ized by the first two moments.16,17

Furthermore, parameters estimation is performed by apply-
ing the maximum likelihood estimation method (ML) to obtain
the parameters directly from the observed data.18 This policy
can lead to a straightforward inference of the parameters,
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without resorting to a preliminary estimation of the experimen-
tal PSD through, e.g., the development of a kernel based func-
tion.14 In this way, the estimation error due by the introduction
of the kernel basis function approximation is circumvented. In
addition, the data sample needed to perform valuable parame-
ter inference may be more parsimonious with respect to the
previous approach.19

To evaluate the reliability of the proposed formulation,
validations against experimental data for the NaCl-water-
ethanol antisolvent crystallization system and the comparison
with the previous model14,19 is presented.

The Model

In the proposed formulation for the stochastic modeling,
the crystals are classified by their size L, and the growth of
each individual crystal is supposed to be independent by the
other crystals, and is governed by the same deterministic
model. In order to take into account the growth fluctuations
and the unknown dynamics not captured by the deterministic
term, a random component can be introduced as a geometric
Brownian motion14 GBM, where the intensity of the fluctua-
tions depends linearly on the crystal size. It should be
reminded that the GBM assumption is consistent with the
law of proportionate effect (LPE),19,20 which assesses that
the rate of growth is proportional to the linear-size times a
random number, thereby making growth rate size-dependent

dL

dt
¼ hðL; t; hÞ þ LgðtÞ (1)

In Eq. 1, h(L,t; y) is a function that describes the rate of
growth, L is the size of the single crystal, t is the time, y is
the vector of parameters defined in the model, and g(t) is a
random term assumed as Gaussian additive white noise

gðtÞh i ¼ 0

gðtÞgðt0Þh i ¼ 2Dd t� t0ð Þ

�
(2)

where D is the noise intensity. By performing a nonlinear
suitable variable transformation y ¼ ln(L), the fluctuation term
does not depend anymore on the crystal size14

1

L

dL

dt
¼ d ln L

dt
¼ 1

L
hðL; t; hÞ þ gðtÞ ¼y¼lnLð Þ dy

dt
¼ h0 y; t; hð Þ þ g tð Þ

(3)

The evolution in time of the probability density function
W(y,t) related to the random variable y is described by the
FPE16

@Wðy; tÞ
@t

¼ D
@2Wðy; tÞ

@y2
� @

@y
Wðy; tÞh y; t; hð Þ½ � (4)

along with the boundary conditions

@W �1; tð Þ
@y

¼ 0 (5)

@W þ1; tð Þ
@y

¼ 0 (6)

and the initial conditions, hereafter assumed as a Gaussian
distribution

W y; t0ð Þ ¼ 1

r0

ffiffiffiffiffiffi
2p

p exp � y� l0ð Þ2

2r2
0

" #
(7)

where l0 and r0 are, respectively, the mean and variance of the
distribution at time t ¼ t0. The FPE (Eq. 4) contains two
conceptually different terms: the drift term, q[g(y,t)W]/qy,
takes into account the deterministic contribution on the growth
process (roughly speaking, the dynamics of the population
average). Conversely, the diffusive term D q2w/qy2, deter-
mines the random motion of the variable y related to
fluctuations in the particle growth process.14

Drift term based on the logistic equation (LG)

In the following, the stochastic model based on the logis-
tic equation introduced in Grosso et al.14,19 is briefly sum-
marized, hereafter referred as the LG model. In such formu-
lation the deterministic growth model is assumed to follow a
Logistic equation. Thus, the growth term is

h0ðy; t; hÞ ¼ ry 1 � y

K

� �
(8)

where r is the crystal growth rate constant, and K is the
equilibrium logarithmic mean crystal size.14,16 The corre-
sponding FPE becomes

@Wðy; tÞ
@t

¼ D
@2Wðy; tÞ

@y2
� @

@y
Wðy; tÞ ry 1 � y

K

� �� �h i
(9)

The nonlinear drift term has some implications on the so-
lution characteristics. In fact, it allows capturing the occur-
rence of distortions from the ideal symmetric case in the
PSD solution W(y,t) for any time. The main drawback is that
an analytical solution for the transient FPE is not available
and a numerical integration is eventually required.14

Drift term based on the Gompertz equation (GZ)

In this novel approach, the deterministic term, h(L;y), is
here assumed as a Gompertz model (GZ)15

hðL; hÞ ¼ �rLln
L

L0

(10)

In the absence of noise (g(t) ¼ 0) the model in Eq. 1
shows some qualitative analogies with the logistic model:
the system tends toward a unique stable stationary solution
corresponding at L ¼ L0, which correspond to the asymptotic
mean crystal size observed in the experimental runs and the
crystals growth rate constant is given by r. Following the
same approach used with the LG model, see Eq. 3, Eq. 10
can be further manipulated

1

L

dL

dt
¼ dlnL

dt
¼ �rðlnL� lnL0Þ þ gðtÞ (11)

and applying the variable transformation y ¼ ln(L), a
stochastic equation can be devised for the random variable y

dy

dt
¼ h0 y; hð Þ þ g tð Þ ¼ v 1 � y

K

� �
þ gðtÞ (12)

where K ¼ ln(L0) and v ¼ r ln(L0). Equation 12 corresponds to
a Ornstein-Uhlenbeck process (OUP),16 where the stochastic
term g(t) follows Eq. 2, with a constant diffusion coefficient D,
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and the drift term depends linearly on the state variable y. The
corresponding FPE is then

@Wðy; tÞ
@t

¼ D
@2Wðy; tÞ

@y2
� v

@

@y
1 � y

K

� �
Wðy; tÞ

h i
(13)

The domain definition of Eq. 13 is the same of Eq. 9, i.e.,
t [(t0, þ 1) and y [ (� 1, þ1). The initial condition for t
¼ t0 may be assumed as a normal distribution

Wðy; t0Þ ¼
1

r0

ffiffiffiffiffiffi
2p

p exp � y� l0ð Þ2

2r2
0

" #
(14)

Analytical solution of the gompertz model (GZ)

It can be demonstrated that, when dealing with a Orn-
stein-Uhlenbeck process (Eq. 12), and the initial conditions
are assumed to be Gaussian (see Eq. 14), the form of the
PDF will stay Gaussian at any time.16,17 Thus, the first two
moments of the distribution: mean, l(t), and variance, r2(t)
uniquely identify the probability density function W(y,t)

Wðy; tÞ ¼ N ly tð Þ; r2
y tð Þ

� �
(15)

where

ly tð Þ ¼
Zþ1

�1

yw y; tð Þdy

r2
y tð Þ ¼

Zþ1

�1

y� lyðtÞ
� �2

w y; tð Þdy ð16Þ

The first moment follows the deterministic Gompertz
equation (in logarithmic scale), and, therefore, the analytical
solution is given by the following equation

lyðtÞ ¼ K 1 � 1 � l0

K

� �
e�

v
Kðt�t0Þ

h i
(17)

where K is the average asymptotic size of the crystals
dimension, r is the growth rate, t0 is the starting time of the
run and l0 is the initial mean size of crystals at t ¼ t0.

The second moment can be described by considering the
analogy between the FPE and the Kalman filter17 for a linear
process, and then the Riccati’s equation will describe the
variance changes in time. Writing the Riccati’s equation for
a Kalman filter for one single state without measurement, we
have

dr2
yðtÞ
dt

¼ q2 þ 2Ar2
yðtÞ (18)

where r2
y(t) is the variance, q2 ¼ 2D is the noise intensity, and

A ¼ � v
K is the coefficient of the state variable of the system.

Thus, the analytical solution of the variance r2(t) with respect
to the time, is given by

r2
yðtÞ ¼ r2

0e
�2 m

Kðt�t0Þ þ DK

r
1 � e�2 m

Kðt�t0Þ
h i

(19)

Thus, the analytical solution of the Eq. 13 is eventually

Wðy; tÞ ¼ 1

ryðtÞ
ffiffiffiffiffiffi
2p

p exp �
y� lyðtÞ
� �2

2r2
y tð Þ

" #
(20)

where the time evolution of ly(t) and ry(t)
2 are given in Eqs.

17 and 19, respectively. A different demonstration of the
analytical solution (Eq. 20) can be found elsewhere.21

Furthermore, it can be noticed that the analytical solution
is a log-normal distribution when rewritten in the linear
scale L

WðL; tÞ ¼ 1

ryðtÞ
ffiffiffiffiffiffi
2p

p
L
exp �

log Lð Þ � lyðtÞ
� �2

2r2
y tð Þ

" #
L � 0

(21)

Figure 1. Flow sheet of the data size acquisition through visual inspection.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 1. Acronyms of Different Models and Parameter
Estimation Methods Used

GZ-ML Gompertz model with parameters estimated through
Maximum Likelihood Estimation

LG-LS Logistic model with parameters estimated through
Least Square Method

LG-ML Logistic model with parameters estimated through
Maximum Likelihood Estimation
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The first two moments of the distribution W(L,t) in the lin-
ear scale can then be evaluated as

lLðtÞ ¼
Z1
0

LW L; tð ÞdL ¼ ely tð Þþry tð Þ2
2 (22)

r2
LðtÞ ¼

Z1
0

L� lLðtÞð Þ2W L; tð ÞdL ¼ e2ly tð Þþr2
y tð Þ er

2
y tð Þ � 1

� �

(23)

Equations 17, 19 and 20 (or conversely 21, 22 and 23)
provide a time evolution of the PSD as function of the
model parameters in terms of the first two stochastic
moments (mean size of crystals and variance of the PSD)
available in an analytical form, which can be a valuable in-
formation for the design of proper offline and/or online
model based control strategies.

Experiments

A set of experiments was carried out for parameter esti-
mation as well as for model validations for the NaCl-water-
ethanol antisolvent crystallization system. The experiments
were carried in a bench-scale crystallizer that was kept at a
fixed temperature. Only purified water, reagent grade sodium
chloride (99.5%) and 190 proof ethanol were used. The ex-
perimental setup and procedure are described as follows.

Experimental setup

The experimental rig is made up of liter glass, cylindrical
crystallizer submerged in a temperature controlled bath.19

The temperature in the bath is measured using an RTD
probe, which is wired up to a slave temperature control sys-
tem capable of heating and cooling. In similar fashion, the
antisolvent addition is carried out by a slave peristaltic
pump. The master control is performed by a computer con-
trol system that is wired up to the slave temperature and
flow rate controllers, respectively. The desired set points are
set by the master controller. All relevant process variables
are recorded. Crystal-size samples are evaluated by visual
inspection of images taken using a digital camera mounted
in a stereomicroscope at 25x magnification. The data acqui-
sition procedure is schematically represented in Figure 1: the
images are processed by means of sizing computer software
(Amscope

VR

), the crystals captured by the image are taken

one by one through visual inspection and their size is eval-
uated through manual detection of the crystals edges. Typi-
cally, for each time, the analyzed crystal sample has dimen-
sions between 150 and 300 elements.

Experimental procedure

At the startup condition, the crystallizer is loaded with an
aqueous solution of NaCl made up of 34 g of NaCl in 100 g
of water. The temperature is kept at 20�C. Then ethanol was
added to the aqueous NaCl solution using a calibrated peri-
staltic pump. Three different antisolvent flow rates were
implemented: u0 ¼ 0.7 mL/min (hereafter, referred as low
feed rate: LFR), u0 ¼ 1.5 mL/min (medium feed rate: MFR)
and u0 ¼ 3.0 mL/min (high-feed rate: HFR). Along the oper-
ation, 5 mL samples were taken in an infrequent fashion.
Such samples are vacuum-filtered over filter paper and then
dried in an oven at 50�C for the visual inspection.

Parameter Estimation

Following the procedure outlined by Grosso et al.14,19 the
calibration of the proposed models is carried out separately
for every run. The set of parameters y ¼ [log10(D), r, K] is
inferred using two different procedures, i.e., least-squares
method (LS) on the kernel-based density function estimation
and maximum likelihood estimation method (ML). It should
be noted that log10(D) is used instead of D in order to reduce
the statistic correlation between the parameters.16,19

In the least-squares (LS) approach, the parameters in the
model are estimated searching the minimum of the objective
function ULS(y) given by the distance between the theoretical
PSD W(y,t;y) carried out from numerical integration of the
model, Eq. 9, where y ¼ [log10(D), r, K], and the experi-
mental PSD W*(y) estimated through kernel-density based
estimation22

W�ðyÞ ¼ 1

Nk

XN

i¼0

1ffiffiffiffiffiffi
2p

p exp �ðy� miÞ2

2k2

" #
(24)

In Eq. 17 mi is the ith crystal-size value (in logarithmic
scale) experimentally observed through visual inspection of
the images, N is the crystals sample data dimension and k is
the bandwidth parameter, to be optimized for a satisfactory
description of the distribution.22 The distance between the
distributions is evaluated at n different spatial location, and
m different time values for every operating condition

Table 2. Inferred Model Parameters

LG-LS LG-ML GZ-ML

LFR MFR HFR LFR MFR HFR LFR MFR HFR

r 1.254 1.354 1.902 1.474 1.755 1.922 v 4.720 5.180 8.659
K 4.840 4.683 4.635 4.786 4.635 4.607 K 4.795 4.631 4.585
D 0.112 0.138 0.178 0.125 0.176 0.147 D 0.088 0.106 0.156

Table 3. AIC (Akaike’s Information Criterion) for LG-ML
and GZ-ML Models

LFR MFR HFR

LG-ML 620.28 959.20 266.64
GZ-ML 674.27 1081.08 298.86

Table 4. Skewness of the PSD in Logarithmic Scale at the
End of Run for the Three Operability Conditions

Experimental LG-LS GZ-LS

LFR -0.2999 -0.128 0
MFR -0.2002 -0.147 0
HFR -0.4029 -0.139 0
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ULS hð Þ ¼
Xm

i¼1

Xn

j¼1

�
W yi; tj; h
� �

�W� yj; ti
� ��

(25)

More details on the procedure can be found else-
where.14,19

Conversely, the maximum likelihood (ML) estimation
approach, aims to determine the y values that maximize the
probability (likelihood) of the sample data measurements mi.
Thus, the parameters are inferred by searching the maximum
of the log-likelihood function, that is the objective function
UML(y) reported in Eq. 26

UML hð Þ ¼ logL mi; tj; h
� �

¼
Xm
j¼1

Xnj
i¼1

log W mi; tj; h
� �� �

(26)

ML estimation through Eq. 26 is rigorous if the crystal
observations are assumed to be independent, which seems a
reasonable hypothesis: the measurements technique here per-
formed ensures that the outcome of the single observation
will not influence the other ones. The ML has been already
used to infer the parameters related to the process steady
state18 and it is demonstrated to give more efficient parame-

ter estimation, that is, a minor number of experimental data
are required to carry out an effective evaluation of the pa-
rameters, at least compared with the LS method. Indeed,
since it achieves the Cramér-Rao lower bound, no asymptoti-
cally unbiased estimator has lower asymptotic mean squared
error than the ML.23 In addition, the introduction of possible
errors in the evaluation of the experimental distribution
(based on Eq. 24) is in this way circumvented. Thus, the on-
erous step in the experimental activity represented by the
data acquisition through visual inspection can be eventually
reduced.

In order to address a methodical analysis, the LG model
will be calibrated and compared via both LS and ML algo-
rithms. A Levenberg-Marquardt algorithm has been imple-
mented to calculate the extremes of the objective functions
UML(y) and ULS(y). Table 1 summarizes the acronyms, here-
after, used to refer to the model and the model calibration
procedure.

It should be remarked that the integration of the FPE-LG,
with initial Gaussian distribution, would describe the evolu-
tion of a distribution that will be not more Gaussian as the
time is evolving, being the drift term non linear [16], and
possibly affecting the diffusion estimate of the parameter D.
The selection of this initial condition is motivated by the
fact that, due to the experimental method adopted, we could

Figure 2. PSD comparison, in linear scale, for the MFR
at the end of the experimental run: LG-ML
model (dashed blue line); GZ-ML model (solid
black line), and experimental PSD (vertical
bars).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 3. PSD comparison, in log–log scale: LG-ML
(dashed blue line); GZ-ML (solid black line).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 4. Transitory PSD comparison, in linear scale, for the MFR at different times (0.5 h, 1.0 h, 1.5 h, 8.0 h): LG-
ML (dashed blue line); GZ-ML (solid black line) and represent the experimental PSD (vertical bars).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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have only a guess of the initial PSD, but a rather good mean
crystal-size measurement. The latter is indeed more impor-
tant in the parameters estimation issue since have a great
influence on the growth rate constant. In any case, this
approximation is not crucial since the characteristic time of
the diffusion is faster than the one of the drift term, as could
be seen by inspecting the characteristic times of the linear
Eqs. 17 and 19, and considering that the drift term in the LG
model is slightly nonlinear.

Table 2 reports the results obtained for LG-LS, already
reported in the literature,19 together with the LG-ML and the
GZ-ML, for the different antisolvent flow rate values. It
should be noted that the data estimation, using both method-
ologies, leads to slight differences among parameter values.
In particular, small difference could be observed for the

growth rate parameter r and for the pseudo-diffusivity coeffi-
cient D. The slight discrepancies can be also due to the
introduction of the kernel basis function approximation in
the LG-LS. On the other hand, the K parameter, representing
the asymptotic value of the mean size of crystals in logarith-
mic scale, appears more robust to the approximation. The
parameters show small difference between the GZ-ML and
the LG-ML, except for the growth rate parameters r and v.
This disagreement can be explained by observing that the
growth rate for the GZ model is related defined as v ¼
rln(L0) ¼ rln(K).

Table 3 reports the Akaike information criterion (AIC) for
both models studied, which gives a measure of the relative
goodness of fit of a statistical model.24 It was found that the
values for the GZ model are slightly larger than the ones
observed with the LG model, but they are, however, compa-
rable. This aspect suggests some comments. Indeed, the bet-
ter performance of the LG model (at least with respect to
the GZ one) is a result somehow expected, since the linear
model allows the description of only symmetric distributions
W(y,t), whereas experimental observations suggest that some
negative skewness in the y-data sample is always present
and this outcome can be adequately captured only by nonlin-
ear models. Nevertheless, the similar AIC values confirm
that the linear model, for the case at hand, gives results close
to the ones observed with the LG model, and it allows con-
cluding that the GZ model provides a good description of
the process. This result is encouraging for the development
and the application of the GZ-ML model in the case of the
optimization and the control of the crystallization system.

Figure 2 shows the obtained PSD, at the final time (end of
the run), and at the medium flow rate (MFR) condition, for
both LG-ML and GZ-ML. It is possible noticing that both
models rather well describe the experimental distribution,
but with small difference mainly observed in edges of the
distributions. To better represent this aspect, the same distri-
butions are represented in a log–log scale in Figure 3, where
it is possible to appreciate the differences between the two
distributions.

A further comparison between the two models can be accom-
plished by evaluating the distribution skewness, given by

cðtÞ ¼
Rþ1
�1 ðy� lyðtÞÞ3Wðy; tÞdyRþ1

�1 ðy� lyðtÞÞ2Wðy; tÞdy
h i3=2

(27)

for the fitted PSD, at the final time for all the operating
conditions, whose values are reported in Table 4. The
skewness values for the GZ-ML are obviously equal to zero,

Figure 5. Linear mean size for LFR (a), MFR (b) and
HFR (c): LG-ML (dashed blue line); GZ-ML
(solid black line) and experimental values
(white dots).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 6. Parameter estimated for the two models: the
dashed blue line is the LG-ML, and the solid
black line is the GZ-ML.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 7. Experimental antisolvent addition policy used
for the validation.
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since FPE with linear drift term preserves the Gaussianity
introduced with the initial PSD.

A further test to appreciate the effectiveness of the GZ-ML
approach is the comparison between the fitted PSD, by LG
and GZ models (for both models the parameters were esti-
mated through ML and they are given in Table 2, and the ex-
perimental histogram at four different sampling times for the
MFR case, shown in Figure 4. The agreement between the ex-
perimental and the fitted PSDs are rather good with both mod-
els, the little difference is due by a zero value of the skewness
parameter, that suggests the occurrence of some asymmetry in
the PSD, but in the case studied this difference is impercepti-
ble. Figure 5 shows the mean size of crystals evaluated with
the LG and GZ models together with the experimental obser-
vations. The capability of the two models in describing the
mean size of crystals in time, for the each operating condition,
is rather excellent, confirming that the proposed model is a
valid alternative to the nonlinear model.

Global Model Formulation and Validation

The proposed Fokker-Planck-based models do not have an
explicit dependency of the control input u (i.e., antisolvent
flow rate), although this variable does affect the process pa-
rameters. In order to use the model over the whole opera-
tional range a relationship between the parameters y of the
model, and the antisolvent flow rate has been developed fol-
lowing the same approach in Grosso et al.14,19

Consider our model, represented in Eq. 20, corresponding
to a particular regime l (as defined by the antisolvent flow
rate condition). Then, the local model at l can be expressed
as

Wðy; tÞ ¼ 1

ryðtÞl
ffiffiffiffiffiffi
2p

p exp �
y� lyðtÞl
� �2

2r2
y tð Þl

" #
l ¼ 1; 2; 3 (28)

with

lyðtÞl ¼ Kl 1 � 1 �
ly0

Kl

	 

e
�vl

Kl
ðt�t0Þ

� �
(29)

r2
yðtÞl ¼ r2

y0e
�2

vl
Kl
ðt�t0Þ þ DlKl

vl
1 � e

�2
vl
Kl
ðt�t0Þ

h i
(30)

This local model structure parameterized by the vector y
is only valid within a particular operating regime and may
not be valid in any other operating regime of the system.
The local parameters y are obtained through model identifi-
cation as described above. Analyzing the dependency of the
parameters with the antisolvent flow rate, Figure 6, the func-
tionality of the model with the antisolvent flow rate is
achieved by a piece-wise linear interpolation of the parame-
ters for the different antisolvent flow rates. This functionality
with the antisolvent flow rate allows the merger of multiple
sets of parameters for different operating regimes to a single
model across the operating envelope.

The model has been also validated by exploiting an exper-
imental run that was not used for the calibration step. An
antisolvent addition strategy, depicted in Figure 7, is used to
validate the performance of the global model. The antisol-
vent addition policy starts at a high value of the flow (3 mL/
min), in order to maximize nucleation, and it is reduced after
1 h with a few step changes to the final value u0 ¼ 1 mL/
min, that was different from any flow rate used for calibra-
tion. Figure 8 illustrates the comparison between the pre-
dicted distributions, obtained using both models (LG and
GZ) and the experimental density frequency at different time
steps. The parameters, for both models, as function of the
flow rate according to the piecewise interpolation are
reported in Figure 6. From Figure 8 we can clearly notice
that the agreement between the experimental and predicted
time evolution of the PSD remains rather good even for the
GZ model, thus, indicating that the proposed approach is a
valid alternative to PBE models.

Conclusions

An alternative stochastic model for the description of anti-
solvent mediated crystal growth processes is introduced here.
The size of each crystal is supposed to be subjected to a
geometric Brownian motion, and its evolution in time is in-
dependent from the other crystals in the sample. A determin-
istic growth term is added to the stochastic model and is
expressed as a Gompertz model. With this approach, the
crystal size is a random variable, whose probability density
evolution in time can be described in terms of a Fokker-
Planck equation that, in this case, is amenable of analytical
solution. In this regard, simple analytical relationships were

Figure 8. Transitory PSD comparison, in linear scale, for the MFR at different times (1.0 h, 1.5 h, 2.0 h, 7.0 h): LG-
ML (dashed blue line); GZ-ML (solid black line) and represent the experimental PSD (vertical bars).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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proposed to predict the crystal size distribution for the first
time. Since the model parameters are function of the operat-
ing conditions and their solution is practically instantaneous
these equations can be used for online control implementa-
tion.

Moreover, the maximum likelihood estimation method for
the model parameters inference is introduced allowing
obtaining the parameters directly from the observed data
without resorting to a preliminary estimation of the experi-
mental PSD through, e.g., the development of a kernel based
function. In this way, the estimation error due by the intro-
duction of the kernel basis function approximation is circum-
vented.

Validations against experimental data for the NaCl-water-
ethanol antisolvent crystallization system were presented for
a number of antisolvent flow rate conditions. The analytical
solution of the model represents an encouraging way to
implement a control system based on the process model. The
slight differences obtained in term of skewness and AIC
analysis are negligible for a control point of view and the
direct utilization of the experimental data instead making a
fitting of the experimental PSDs as shown a reasonable
approach for the parameter estimation, without the introduc-
tion of further errors in the system.
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Notation

A ¼ coefficient of the Riccati equation, h�1

D ¼ diffusivity or pseudo-diffusivity constant for the FPE, h�1

h ¼ deterministic model used for the drift term of the FPE in
linear scale

h0 ¼ deterministic model used for the drift term of the FPE in
logarithmic scale

K ¼ asymptotic dimension of crystals in logarithmic scale, for the
rearranged Gompertz model and for the logistic model

l ¼ subscript used to indicate the local model
L ¼ characteristic dimension of crystals, lm
L0 ¼ characteristic dimension of crystals, evaluated at t ¼ t0, lm
mi ¼ mean-size measurement for the i-th crystal, in logarithmic

scale
N ¼ crystal sample dimension
N ¼ normal or Gaussian distribution operator
q2 ¼ noise intensity of the Langevin equation
r ¼ growth rate parameter for the Logistic and Gompertz model,

h�1

t ¼ time variable, h
t0 ¼ perturbative time, h
t0 ¼ initial time for the integration of the FPE, corresponding to

the first experimental sample taken, h
u0 ¼ antisolvente feed rate, mL/min
y ¼ characteristic dimension of crystals in logarithmic scale, lnL

Greek letters

c(t) ¼ skewness function
C ¼ noise intensity for the model used to apply the Kalman filter

derivation
d ¼ delta of Dirac
g ¼ white noise
y ¼ vector of parameters

y* ¼ vector of parameters to estimate using both methodologies
k ¼ bandwidth of the Kernel basis function

ly0 ¼ mean size of crystals in logarithmic scale, evaluated at t ¼ t0
lL(t) ¼ time evolution function of the mean size of crystals in linear

scale, lm
ly(t) ¼ time evolution function of the mean size of crystals in

logarithmic scale

v ¼ growth rate parameter for the rearranged Gompertz model,
h�1

ry0 ¼ standard deviation of crystals in logarithmic scale, evaluated
at t ¼ t0

r2
y0 ¼ variance of crystals in logarithmic scale, evaluated at t ¼ t0

ry(t) ¼ time evolution function of the standard deviation of crystals
in logarithmic scale

r2L(t) ¼ time evolution function of the variance of crystals in linear
scale, lm2

r2y (t) ¼ time evolution function of the variance of crystals in
logarithmic scale

R ¼ noise intensity for the predicted equation used to apply the
Kalman filter derivation

W(L,t) ¼ dependent variable of the FPE in linear scale
W(y,t) ¼ dependent variable of the FPE
W(y,t0) ¼ dependent variable of the FPE evaluated at t ¼ t0
W*(y,t) ¼ dependent variable of the experimental distribution
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